Based on the complex variable method and the technique of conformal mapping, the anti-plane problem of two asymmetrical edge cracks emanating from an elliptical hole in a piezoelectric material is studied. The exact solutions of field intensity factors and energy release rate are presented in closed-form with the assumption that the surfaces of the cracks and the elliptical hole are electrically impermeable. With the variation of the hole-size and the crack length, the present results can be reduced to the cases of two symmetrical edge cracks and a single edge crack emanating from a circular hole given by Wang and Gao [Wang, Y.J., Gao, C.F., 2008. The mode III cracks originating from the edge of a circular hole in a piezoelectric solid. International Journal of Solids and Structures 45,[4590][4591][4592][4593][4594][4595][4596][4597][4598][4599]. Moreover, new models used for simulating more practical defects in a piezoelectric solid are obtained, such as two symmetrical edge cracks and a single edge crack emanating from an elliptical hole, two asymmetrical edge cracks emanating from a circular hole, T-shaped crack, cross-shaped crack and semi-infinite plane with an edge crack. Numerical examples are then conducted to reveal the effects of the hole-size and the crack length on the field intensity factors and the energy release rate.
Introduction
Piezoelectric materials have been widely used as transducers and sensors due to their intrinsic electro-mechanical coupling behaviors. However, the inherent brittle weakness of piezoelectric materials easily leads to cracking or generating defects during the materials processing, manufacturing and subjected to the strong electro-mechanical loading. The crack problems in brittle piezoelectric materials under anti-plane shear loading have attracted much attention in recent years (Pak, 1992; Shindo et al., 1996 Shindo et al., , 1997 Yang and Kao, 1999; Zhou et al., 2003 Zhou et al., , 2009 Li and Lee, 2004 , 2009a Zhang and Gao, 2004; Zhong and Li, 2005; Dyka and Rogowski, 2006; Wang and Gao, 2008) . So far, investigations have been confined to the relatively simple and classical cracks. As a matter of fact, there exist many kinds of complicated flaws or defects during manufacture and service of the holed structures, e.g., cracks originating from an elliptical hole or circular hole, T-shaped crack, cross-shaped crack, etc. Recently, Wang and Gao (2008) solved the two symmetrical cracks and a single crack originating from the edge of a circular hole in a piezoelectric solid by introducing conformal mapping (Bowie, 1956) , and presented the exact solutions of the field intensity factors and the energy release rate. For the cases of two asymmetrical cracks at the edge of an elliptical hole and circular hole, as far as we know, the corresponding research in a piezoelectric solid is lacking. Thus, it is practical and necessary to study the facture problem of two asymmetrical edge cracks emanating from an elliptical hole. Moreover, it is also very interesting and meaningful to present the explicit and exact solutions in closed-form for the complicated crack problems, since these solutions can provide the theoretical analysis for fracture problems in piezoelectric materials, and can also serve as a benchmark for the purpose of judging the accuracy and efficiency of various numerical and approximate methods.
For the isotropic materials, many researchers focused on the edge cracks emanating from an elliptical or circular hole in an infinite plate under tensile loading. Bowie (1956) gave numerical solutions of a circular hole with a single edge crack and a pair of symmetrical edge cracks in a plate under tension by using complex variable method. Newman (1971) by means of the boundary collocation method, and Murakami (1978) using the body force method performed analysis for the plane problem of an elliptical hole with symmetrical edge cracks under tension loading. Tweed and Rooke (1973) used the Mellin transform technique to study the biaxial tension of a branching crack emanating from a circular hole. Isida and Nakamura (1980) analyzed a slant crack emanating from an elliptical hole under uniaxial tension and shear at infinity by using the body force method. Using the boundary element method, Yan (2006) solved the cracks emanating from an elliptical hole in an infinite or a finite plate under biaxial loads. However, the above mentioned studies presented the numerical solutions of the plane problem. As far as the anti-plane problem is concerned, Sih (1965) investigated two symmetrical edge cracks originating from a circular hole using the mapping function method, and presented the exact solution of the stress intensity factors. Yokobori et al. (1971) addressed the exact solution of a single crack at the edge of an elliptical hole by using stress function method. With the Westergaard's stress function method, Tada et al. (1973) investigated the semi-infinite plane with an edge crack, and presented the exact solution of the stress intensity factors at the crack tip. For the case of two asymmetrical edge cracks emanating from an elliptical hole, Murakami (1978) obtained the numerical solution of plane problem under tensile loads by using body force method. However, for the anti-plane problem, no the exact solutions of two asymmetrical edge cracks emanating from an elliptical or circular hole has been presented until now, which can be mainly attributed to the mathematical complexity. It is therefore the purpose of this work to investigate the fracture problem of two asymmetrical edge cracks emanating from an elliptical hole in a piezoelectric material subjected to combined mechanical-electric loading.
In fracture analysis of piezoelectric materials, there are two common used electric boundary conditions. The first one was proposed by Pak (1990) who ignored the electric field inside the crack and assumed the normal component of electric displacement along the crack faces to be zero. The other, developed by Mikahailov and Parton (1990) , treated the crack as being electrically permeable. There were two completely opposite opinions in existing literatures. However, Zhang and Tong (1996) investigated the boundary condition by analyzing an elliptical cylinder cavity and found that the two commonly used boundary conditions are actually two limiting cases of the exact boundary conditions when the cavity approaches a slit crack. Since the electric field exists in air and in vacuum, both the geometry and size of the crack have a great influence on fracture behaviors of piezoelectric materials (Zhang, 1994; Zhang and Tong, 1996) . Subsequently, by treating flaws in a medium as notches with a finite width, Wang and Mai (2004) compared the results from different electrical boundary condition assumptions on the crack faces. They found that the electrically impermeable boundary is reasonable for engineering problems. Recently, based on the impermeable electric boundary condition, Wang and Gao (2008) considered the two symmetrical radial cracks and a single radial crack at the edge of a circular hole in a piezoelectric solid; Li and Lee (2009a) studied the effect of an imperfect interface on the fracture behavior of a layered piezoelectric sensor by the method of Fourier integral transform and Cauchy singular integral equation.
In this paper, we consider the anti-plane problem of two asymmetrical edge cracks emanating from an elliptical hole in a transversely isotropic piezoelectric solid under the impermeable electric boundary condition by developing a new conformal mapping which is a transcendental function. In addition, this work mainly concentrates on the explicit and closed-form solutions of the complicated defects in a piezoelectric material. These exact solutions may be useful to test the validity of various analysis approaches or assumptions for the more complicated crack problems in the piezoelectric materials. Furthermore, in the absence of the electric load at infinity, the exact solutions of the field intensity factors presented in this paper can be degenerated into the corresponding results of isotropic materials.
Basic formulation
In a rectangular coordinate system, x i (i = 1, 2, 3), considering a transversely isotropic piezoelectric solid with the poling direction along the positive x 3 axis and the isotropic plane in the x 1 -x 2 plane, the constitutive equation can be given as (Pak, 1990; Zhang and Gao, 2004) 
in which the repeated indices denote summation; C ijkl is the elastic stiffness tensor, e lij is the piezoelectric tensors, e il is the dielectric permittivity, r ij is the stress component and D i represents the electric displacement. The strain component s kl and the electrical field component E l can be expressed as
where a comma in the subscripts stands for a partial differentiation; u i and u denote the elastic displacement and the electric potential, respectively. Anti-plane problem is relatively simple and the solutions in an explicit and closed-form can easily provide the physical insights into the fracture behaviors of piezoelectric materials, therefore, this work considers the electro-elastic problem of a mode III crack in the isotropic plane. For the two-dimensional anti-plane deformation, all the physical quantities can be determined by out-plane displacement u 3 (x 1 , x 2 ) and in-plane electric potential u(x 1 , x 2 ), that
In this case, Eq.
(1) reduces to
The general solution of Eqs. (1)- (4) can be expressed by the generalized displacement u and the stress function /, as (Zhang and Gao, 2004) u ¼ AfðzÞ þ AfðzÞ; u ¼ ðu 3 ; uÞ
where f(z) is an unknown complex vector; the overbar stands for the conjugate of a complex number; A and B stand for the material constant matrices, which are defined as
where I is a 2 Â 2 unit matrix. Once the complex potential is obtained under the given boundary conditions, all the fields can be determined by
Conformal mapping and exact solutions
Consider two asymmetrical edge cracks emanating from an elliptical hole in an infinite piezoelectric solid, as shown in Fig. 1 . Using the technique of conformal mapping and complex variable method, the field intensity factors and the energy release rate under remotely uniform in-plane electric and anti-plane mechanical loading are obtained as follows.
Conformal mapping function
In this case, the potential vector has the form of (Zhang and Gao, 2004; Wang and Gao, 2008) 
in which c 1 is a complex constant related to the remote loading
, and f 0 (z) is an unknown complex function, which vanishes at infinity, i.e., f 0 (1) = 0. Differentiating equations (5) and (6) where F(z) = df(z)/dz. Substituting Eq. (9) into Eqs. (10) and (11), and then taking z ? 1, yields
where
The mechanical-electric boundary along the surfaces of cracks and the elliptical hole can be expressed as
in which t 3 and D n represent the anti-plane shear traction and the normal component of electric displacement along the boundary. In general, the crack length is shorter than the hole-size, and the electric fields inside the elliptical hole are smaller, so the assumption of impermeable electric boundary condition is adopted (Wang and Gao, 2008) We develop a conform mapping function as follows (seen as Appendix A)
It can be shown that Eq. (18) provides a conformal mapping from the outside region of the elliptical hole and cracks to the interior of a unit circle in the f-plane, moreover, z = a + L 1 = x(1).
In the f-plane, Eq. (17) 
where F 0 (f) = df 0 (f)/df, and x 0 (f) can be obtained from Eq. (18) as
From Eq. (26), it can be found that x 0 (f) is analytic in jfj > 1, and continuous in jfj P 1. Hence, according to the Cauchy integral formula for infinite region, one has 1 2pi
where e 1 and e 2 are determined by Eq. (20).
Substituting Eq. (28) into Eq. (25), one finds
Field intensity factors
The vector of field intensity factors can be expressed in the fplane, as (Wang and Gao, 2008) 
Inserting Eq. (29) into Eq. (30), and noting Eq. (14), one finally has 
On the other hand, Eq. (31) can be rewritten as
where K called for the coefficient of field intensity factors is defined as
Eq. (33) shows that the field intensity factors of two asymmetrical edge cracks emanating from an elliptical hole in a piezoelectric solid are related to the applied mechanical/electric loading, and the coefficient of field intensity factors K as well.
Energy release rate
Following the work of Pak (1990) , the energy release rate equals to the J-integral and it can be expressed as
where k r , k S , k D and k E are the singular factors of stress, strain, electric displacement and electric field at the crack tip, respectively. Using Eq. (4), one can find that there is the following relationship among them as 
where K is given by Eq. (34).
Discussions and results
The coefficient of field intensity factors, K, can be used to determine the field intensity factors and the energy release rate of two asymmetrical edge cracks emanating from an elliptical hole. Under limiting conditions, many new configurations can be simulated from the present results. Discussions in detail are given as follows.
(1) If the length of semiminor axis b tends to zero, using Eq. (20), Eq. (34) reduces to
which is just the well-known result of a mode III crack in a piezoelectric solid.
(2) If the crack length L 2 approaches to L 1 , one finds from Eq. (34) that K can be simplified as
which is the result of two symmetrical edge cracks emanating from an elliptical hole in a piezoelectric solid. Especially, when the length of semiminor axis b tends to the semimajor axis a, one obtains from Eq. (40)
where k 1 = L 1 /a. Eq. (41) shows the case of two symmetrical radial cracks originating from the edge of a circular hole, which is identical to the corresponding result given by Wang and Gao (2008) . On the other hand, the stress intensity factors consist with those of isotropic materials (Sih, 1965) in the absence of the electric load at infinity. Then, from Eq. (40), we have K ¼ ffiffiffiffi ffi L 1 p as a tends to zero, which stands for the case of symmetrical cross-shaped crack. The result indicates that if the piezoelectric solid is subjected to uniform loading along the y-axis or z-axis direction, the field intensity factors at the tip of the crack parallel to the x-axis are not influenced by the crack parallel to the y-axis, which equal to the results of the Griffith crack in an infinite solid due to its geometrical symmetry.
(3) When the length of semiminor axis b tends to the semimajor axis a, Eq. (34) degenerates into
where k 2 = L 2 /a. Eq. (42) gives the case of two asymmetrical radial cracks originating from the edge of a circular hole, and furthermore, it can be reduced to the result of a single crack originating from the edge of a circular hole presented by Wang and Gao (2008) 
which is the result of a single edge crack emanating from an elliptical hole. It can be found that the stress intensity factors are shown to be excellent agreement with the results given by Yokobori et al. (1971) under the purely mechanical loading at infinity. Especially, when the length of semimajor axis a tends to zero, Eq. (43) produces
where k 3 = L 1 /b. Eq. (44) represents the result of the T-shaped crack, and moreover, it can yield the result of a semi-infinite plane with an edge crack, i.e., K equals to ffiffiffiffi ffi L 1 p as b ? 1. (5) If the length of semimajor axis a tends to zero, from Eq. (34), one finds
where k 4 = L 2 /b. Eq. (45) shows the result of asymmetrical crossshaped crack. The energy release rate of new special models mentioned above at the crack tip can be obtained by substituting K in Eq. (38) with K derived from Eq. (40) and Eqs. (42)- (45).
Numerical examples
For the purpose of comparison with previous research (Wang and Gao, 2008) in which N is the force in Newtons, C is the charge in coulombs, V is the electric potential in volts and m is the length in meters.
To illustrate the effects of geometrical parameters and combined mechanical and electric loadings on the field intensity factors and the energy release rate, we make some numerical analysis on the analytical expressions (34), (42), (45) and (38) with some specific values, respectively. Details are given as follows:
Without considering the effect of ffiffiffiffi ffi
on the field intensity factors, Wang and Gao (2008) drew their conclusion: the field intensity factors of a single crack are larger than those of two cracks originating from a circular hole. In fact, the field intensity factors of two cracks are larger than those of a single crack, because the coefficient of field intensity factors g 1 (e) is larger than that of g 2 (e ) (Wang and Gao, 2008) , but the value of ffiffiffiffi ffi
Consequently, a better understanding of the mechanics for complicated defects such as cracks originating from an elliptical or circular hole in piezoelectric materials is presented in detail as follows. Fig. 2 illustrates the coefficient of field intensity factors K in Eq. (34), as a function of the right crack length L 1 for a fixed-size hole of a = 0.01 m and b = 0.006 m by using the software of OriginPro v7.5. The similar process of the numerical computations is done in the following two-dimensional figures. It is found that the value of K increases as L 1 becomes large, and then levels off. In addition, the value of K also increases as the left crack length L 2 becomes longer at a given right crack length, and gives the minimum value for the case of L 2 = 0. The result indicates that the increase of the left crack length easily promotes the failure of materials at given hole-size and the right crack length. Fig. 3 shows the variation of K with the length of semiminor axis b at given the length of semimajor axis a = 0.01 m and the right crack length L 1 = 0.005 m. It can be seen that in general cases, the value of K decreases as the length of semiminor axis b increases, indicating that the field intensity factor for the case of circular hole is smaller than that for the case of elliptical hole with b/a < 1.0, but larger than that for the case of elliptical hole with b/a > 1.0.
With the aid of the software of Wolfram Mathematica7, Fig. 4 gives the whole combined effects of the electro-mechanical coupling behaviors on the energy release rate of two asymmetrical edge cracks emanating from an elliptical hole at given a = 0.01 m, b = 0.006 m, L 1 = 0.005 m and L 2 = 0.008 m. The influences of different parameters on the energy release rate are presented in detail as follows.
Supposing an elliptical hole of a = 0.01 m and b = 0.006 m, the change of the energy release rate with the applied electric load is depicted for the right crack length of L 1 = 0.005 m and a given mechanical load of r 1 32 ¼ 6 MPa, as shown in Fig. 5 , in which J cr denotes the critical energy release rate and it is fixed as J cr = 5.0 N/m to normalize the J (Pak, 1990) . It is interesting to notice that the energy release rate can be positive or negative under combined mechanical and electric load. For the positive value of the energy release rate, the increase of the left crack length L 2 leads to an increase of the energy release rate in the interval [À1.98eÀ3, 7.76eÀ3] for the electric displacement. The result shows that the increase of the left crack length easily enhances the crack growth. Therefore, both the theory of field intensity factors and the energy release rate can draw the same conclusion, which is expectable. For the negative value of the energy release rate, the magnitude of the energy release rate also increases as the left crack length becomes longer in the interval (À1, À1.98eÀ3) or (7.76eÀ3, +1). The result indicates if the left crack length becomes small, the applied electric load easily tends to close the crack. Moreover, for a given mechanical load, the energy release rate decreases as the magnitude of the The energy release rate then declines as the applied positive electric field further increases. The results show that at a given mechanical load, the negative electric field always retards crack growth, while the positive electric field can either enhance or retard crack propagation, which is dependent on the strengths of the applied electric field and the level of the mechanical load as well. The relationship between the energy release rate and geometry parameters is exhibited in Figs. 7 and 8 , respectively, under a given combined mechanical and electric load. It is noticed that the increase of L 1 results in an increase of the energy release rate, while the increase of b leads to a decrease of the energy release rate.
In an analogous manner, Fig. 9 shows the overall effects of the electro-mechanical coupling behaviors on the energy release rate of two asymmetrical edge cracks emanating from a circular hole Fig. 9 . Effects of electro-mechanical coupling behaviors on the energy release rate of two asymmetrical edge cracks emanating from a circular hole.
for a fixed-radius of circle a = 0.01 m, and the length of two cracks L 1 = 0.005 m and L 2 = 0.008 m. The curves of the field intensity factors and the energy release rate are also plotted for the case of two asymmetrical edge cracks originating from a circular hole, as shown in Figs. 10-13 , and the similar results can be found. Comparing Fig. 5 with Fig. 11 , it can be also found that the energy release rate of a circular hole with edge cracks is smaller than that of an elliptical hole with edge cracks with b/a < 1.0.
Finally, Fig. 14 displays the overall effects of the electromechanical coupling behaviors on the energy release rate of asymmetrical cross-shaped crack under given b = 0.01 m, L 1 = 0.005 m and L 2 = 0.008 m. In addition, Fig. 15 and Figs. 16-18 show the variation of the field intensity factors and the energy release rate for the case of asymmetrical cross-shaped crack, respectively. It can be observed that the curves of field intensity factors and the energy release rate for asymmetrical cross-shaped crack are similar to those for the case of two asymmetrical edge cracks emanating from an elliptical hole or circular hole. The differences between them are that the field intensity factors and the energy release rate for asymmetrical cross-shaped crack are smaller than those for two asymmetrical edge cracks emanating from an elliptical or circular hole. 
Conclusions
By using complex variable method and the technique of conformal mapping, the anti-plane problem of two asymmetrical edge cracks emanating from an elliptical hole in an infinite piezoelectric solid is investigated. This work is focused on the study of explicit and exact solutions in closed-form of the field intensity factors and the energy release rate. Under limiting conditions, the present results can be degenerated into the pervious results, e.g., the Griffith crack, two symmetrical edge cracks and a single edge crack emanating from a circular hole. And the results also provide new exact solutions for some complicated defects including two symmetrical edge cracks and a single crack originating from an elliptical hole, two asymmetrical edge cracks originating from a circular hole, T-shaped crack, cross-shaped crack, and semi-infinite plane with an edge crack. Moreover, the stress intensity factors of some special cases obtained in this work are shown to be in good agreement with the classical results, e.g., a single edge crack emanating from an elliptical hole, two symmetrical edge cracks emanating from a circular hole, semi-infinite plane with an edge crack. Numerical calculations are carried out for the effects of the holesize and the crack length on the field intensity factors and the energy release rate under different loading conditions. In summary, the following conclusions can be drawn:
(1) Both the field intensity factors and the energy release rate of two asymmetrical edge cracks emanating from an elliptical hole or circular hole, and asymmetrical cross-shaped crack increase as the right crack length becomes longer. In addition, the field intensity factors and the energy release rate of these complicated defects decrease as the left crack length becomes smaller, and reach a minimum for the cases of a single crack emanating from an elliptical hole or circular hole, and T-shaped crack, respectively. (2) Energy release rate of two asymmetrical edge cracks emanating from a circular hole (Fig. 11) is smaller than that of two asymmetrical edge cracks emanating from an elliptical hole (Fig. 5 ), but larger than that for the case of asymmetrical cross-shaped crack (Fig. 16 ). (3) Mechanical loading always promotes crack growth. Besides, for a given mechanical load, the negative electric field always retards crack growth, while the positive electric field can either promote or retard crack propagation, which is dependent on both the strengths of the applied electric field and the level of the mechanical load. 
